APPENDIX A
MORE IMPLEMENTATION DETAILS IN SECTION 1
We provide the implementation details in this part for the experiment in Section 1. This experiment is conducted on

CREMA-D dataset. The comparison methods include vanilla MML, HA-based MML, and SA-based MML. Suppose that
the input data is (x%, x"), given an audio encoder ¢*(-) and a video encoder ¢"(-), the features are calculated by:

Vo € {a,v}, 27 = ¢°(x% ©°). 1)

Then, we utilize the concatenation function for fusion and a one-layer fully connected network for classification. In
other words, our classifier is conducted by a linear projection.
After taking the softmax layer, the prediction can be calculated by:

N b
Vo € {a,v},h® = W°2° 4+ 3 ()
yo = softmax(flo), 3)
y= softmax(fla + fl”), (4)

where 3,3, y¥ denote the total prediction, implicit audio prediction and implicit video prediction, respectively.
For vanilla MML, the objective function can be written as:

Lvani a 1 5
11 |D| erDy og(y @)

As the optimizing of Problem |5, the implicit audio prediction y* and implicit audio prediction y* are aligned to
ground-truth y and further expected to well-aligned with each other.

For HA-based MML, we further integrate two unimodal losses to improve the performance. Concretely, we utilize two
classifiers for unimodal prediction. The predictions are defined as:

Yo € {a,v},h° = W°z° + b°,
y° = softmax(h®). (6)
Based on Eq. (6), the objective function of HA-based MML is defined as:

|D‘Zy +7 S>> yTlog(y )
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Implicit Modality Alignment

In Eq. (7), the unimodal prediction y* and y* are required to align to y. Ideally, they are expected to well-aligned to each
other. We denote this procedure as:

Hard Alignment: y°,§° ~y = 3% «» y°,
Then, for SA-based MML, the objective function is defined as:
. ol = 1 av =
> 3T logly) + DKL( 1Y)+ D3 11 ¥)s 8)
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Explicit Modality Alignment
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Modality Fusion

where y £ 1(y* +y*). In Eq. , the unimodal predictions are expected to align with each other with soft label y. We
define this procedure as:
Soft Alignment: 3%,y ~»y =y e« 37,
We provide the detailed architecture for vanilla MML, HA-based MML, and SA-based MML in Figure

APPENDIX B

PREDICTION LEVEL ALIGNMENT WITH ARCHITECTURE CONTAINING UNIMODAL LOSSES

A more general architecture widely adopted by existing works [1} 2] is a multimodal loss with unimodal losses. We show
that how to incorporate modality alignment with modality fusion for these methods in this section. The architecture is
shown in Figure [B| For this architecture, the individual classifiers are used to obtain unimodal predictions ¥* and y*. The
modality alignment loss can be applied as follows:

Latign = Lis(¥y°,¥")-

We conduct an experiment to compare the alignment strategy for this architecture. The results in Table [A| show that
the method with this architecture can achieve better performance compared the method with one layer network based
classifier. For fair comparison with existing approach, we adopt the method with one layer network in this paper.



CLS Loss CLS Loss CLS Loss JS Loss
yiCD 37 ¥i D ¥
W2 (W, W] W 2 (W, WY
z] a 7l
z z z
Encoder Encoder M Encoder
Audio Video Audio Video Audio Video
Traditional MML Representation-Alignment MML Prediction-Alignment MML

Fig. A. lllustration of architecture for vanilla MML, HA-based MML, and SA-based MML.
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Fig. B. Modality alignment for architecture containing unimodal losses.

APPENDIX C
ADDITIONAL EXPERIMENTAL DETAILS AND RESULTS

C.1 Datasets and Implementation Details

Dataset Description and Splitting: Among these datasets, the KSounds, CREMA-D and VGGSound datasets consist of both
audio and video modalities. The KSounds dataset, which contains 19,000 video clips categorized into 31 distinct actions,
aims to advance video action recognition. The CREMA-D dataset, encompassing 7,442 clips, is divided into six emotional
categories to enhance speech emotion analysis. The VGGSound dataset, which contains 310 classes and a wide range of
audio events in everyday life, is a relatively large dataset. Furthermore, the Sarcasm and Twitter2015 datasets consist of
image and text modalities. The Sarcasm dataset offers a compilation of 24,635 text-image pairs. The Twitter2015 dataset
contains 5,338 text-image combinations from Twitter. Lastly, NVGesture and IEMOCAP datasets are used to construct
research that goes beyond the limitation of two modalities. In this paper, we use RGB, Depth, as well as optical flow (OF)
modalities for NVGesture and audio, video, as well as text for IEMOCAP datasets.

For the datasets with audio and video modalities, the KSounds dataset is divided into a training set of 15,000 clips, a
validation set of 1,900 clips, and a test set of 1,900 clips. CREMA-D dataset is split into a training set with 6,698 clips and a
testing set with 744 clips. VGGSound dataset is divided into a training set with 168,618 videos, a validation set with 33,732
videos, and a testing set with 13,954 videos. For datasets with image and text modalities, the Sarcasm dataset is divided
into a training set with 19,816 pairs, a validation set with 2,410 pairs, and a testing set with 2,409 pairs. Twitter2015 dataset
is divided into a training set with 3,179 pairs, a validation set with 1,122 pairs, and a testing set with 1,037 pairs. For
NVGesture dataset, we divide it into a training set with 1,050 data points and a testing set with 482 data points. The
IEMOCAP dataset is partitioned into 3838 dialogues for training, 838 dialogues for validation, and 1098 dialogues for
testing.

Implementation Details: In our experiments, we utilize raw data as inputs. Following [}, 3], for the KSounds and CREMA-
D datasets, ResNet18 serves as the foundational architecture for processing both audio and video data. For video analysis,
we select 10 frames from each clip and subsequently sample three frames uniformly as inputs. We adapt ResNet18’s input
channels from three to one to accommodate our data format [4]. In terms of audio, we transform our sound recordings
into spectrograms measuring 257 x 1004 for KSounds and 257 x 299 for CREMA-D, employing the librosa [5] library for
conversion. For text-image datasets, our framework incorporates ResNet50 for images and BERT [6] for text processing.



TABLE A
Comparison for the methods with different architectures.

Architecture Audio Video Multiple
w/ alignment 66.94%  65.19% 81.59%
w/o alignment | 68.55%  64.38% 77.96%

TABLE B
Ablation study on datasets with three datasets. The symbols “PA” and “RA” denote whether the prediction alignment, representation alignment,
and dynamic integration are applied during training.

Dataset Module MAP/F1
PA° RA DI | Multiple Unimodall ~ Unimodal2  Unimodal3

X X X 81.98% 6.24% 76.79% 6.54%
v X X 83.86% 70.60% 76.82% 78.85%
v X v | 84.85% 73.24% 80.08% 79.88%

NVGesture X v X 83.78% 72.66% 77.35% 75.30%
X v v | 84.68% 75.52% 82.91% 80.31%
v v X 84.93% 73.05% 80.22% 80.00%
v v v 85.65% 78.42% 83.70% 81.21%
X X X 84.09% 24.64% 66.69% 56.42%
v X X 85.37% 26.54% 74.58% 61.74%
v X v | 85.76% 24.86% 75.72% 63.85%

IEMOCAP X v X 85.74% 25.96% 76.72% 61.78%
X v v | 85.99% 26.64% 77.07% 61.79%
v v X 85.82% 26.69% 76.52% 62.12%
v v v 86.04% 26.80% 77.03% 63.68%

We resize images to 224 x 224 and limit text sequences to a maximum length of 128 characters. Optimization for the
audio-video datasets is conducted using stochastic gradient descent (SGD) with a momentum set to 0.9 and a weight
decay parameter of 10~!. We initialize the learning rate to 1072, progressively reducing it by a factor of ten upon observing
a plateau in loss reduction, with a batch size of 256. For text-image datasets [7, 8], we employ the Adam optimizer starting
with a learning rate of 10~4, with a batch size of 128. For our methods, we utilize “Ours-H” and “Ours-LB” to denote the
heuristic strategy based approach, dynamic learning-based approach with hybrid alignment. All models are trained on a
single RTX 3090 GPU.

C.2 Ablation Study on the Datasets with Three Modalities

To further demonstrate the effectiveness of the key components of our method, i.e., the prediction-level alignment,
representation-level alignment, and dynamic integration, we conduct ablation study experiments on NVGesture and
IEMOCAP datasets. The results are reported in Table [B) where the symbols are defined analogously in Table 4.

From the results in Table [B| we can find that: (1). Both prediction-level alignment and representation-level alignment
can boost performance compared MML method w/o PA, RA, and DI; (2). By integrating prediction-level alignment and
representation-level alignment simultaneously, the performance can be further improved; (3). By dynamically balancing
modal fusion and alignment, the dynamic integration module effectively enhances the overall performance of multimodal
learning.

TABLE C
Comparison under semi-supervised scenario on VGGSound dataset.

0 =10% = 20% o= 30% ©=40%
Audio Video Audio Video Audio Video Audio Video
Acc MAP Acc MAP Acc MAP Acc MAP
Vanilla SML | 31.24% 32.51% | 28.88% 29.87% | 30.62% 33.07% | 34.43%  36.58%
MLA w/ SSL | 34.75% 3559% | 33.08% 34.71% | 35.40% 37.48% | 39.14%  40.77%
MMPareto w/ SSL | 32.59%  34.32% | 31.30% 33.83% | 32.46% 36.08% | 36.11% 37.39%
ReconBoost w/ SSL | 33.01%  36.90% | 32.66%  34.62% | 33.20% 36.18% | 37.46%  39.79%
DSRL | 33.72%  35.01% | 31.24% 31.27% | 34.14% 36.16% | 39.08%  40.78%
SMDDRL | 33.60%  35.40% | 32.17%  34.28% | 35.46% 36.91% | 39.43%  41.04%
CorMulT | 32.49%  34.83% | 32.78%  35.07% | 3491% 37.35% | 38.53%  40.50%
DTC | 3395% 35.89% | 33.37%  35.19% | 35.17%  36.88% | 38.92%  40.72%
Ours-LB | 35.01% 37.48% | 33.20% 36.07% | 35.30% 37.50% | 39.53% 41.02%

Method

C.3 Semi-Supervised Learning Comparison with Different Sampling Proportion p

To further study the effectiveness of our method under semi-supervised learning scenario, we report the performance
comparison for our method and competitive baselines with different y on VGGSound dataset in Table [C} The results
demonstrate that our method can achieve the best performance in almost all cases with different u.



APPENDIX D
THEORETICAL ANALYSIS

D.1 Notations

For clarity of exposition, we first introduce the notation used throughout this section. We denote (-, -) as inner product, i.e.,
(x,y) 2 xTy. The Euclidean norm of vector x € R is denoted as: ||x|| £ \/(x,x). And the matrix norm of A € R™*¢
refers to the Frobenius norm of A, i.e., [|A[ £ max{||Ax| : x € R¢,||x|| < 1}, which is equivalent to the maximum singular
value of A. The expectation of a random variable X is denoted as E[X]. Given two symmetric matrix A,B € R"*", A < B
< B — A is a non negative definite matrix. If a function f € C?[S], that means f is twice continuously differentiable on
S. We denote (}y as the set {C0,¢C1, -+, Ci—1}. We denote the stochastic vector obtained by accessing the stochastic gradient
oracle of a function f as VG(z, (), which is used to approximate V f(x) at each iteration of the algorithm, where  is a
random variable and is usually required to be historically independent. Furthermore, the definitions of the notations for
partial derivatives required in our analysis are as follows:

A aLFusion aLFusion r
L sion )= sy 9
Vo Lruson(6) £ | 7 o ©)
VQGLpusion (©) £ Hessian martiz of Liusion w.r.t © (10)
OLTota
VieLltoa(©) £ Ve < aTat l) = Ve Lalign(©) — Ve Lrusion(0). (17)
V%LTotal(aa 9) £ (]- - a)v%LFusion(G) + av%LAlign(@) (12)

dLFusion(e*(a))
Lius *(a)) & PRusionlD7(@))
v Fublon(aae (a)) dO[

VLFuSiOn(aa @) £ _vi@LTotal(@) [V%)LTotal(av @)] - V@LFusion(@) (14)

= _Vi@LTotal(@*(a)) [V%LTotal(a7 G)*(a))} - VGLF‘usion(G*(a)) (13)

D.2 Convergence Analysis

We now present definitions of several key concepts employed in our theoretical analysis for the Algo. 1.
We first define the Lipschitz continuous.

Definition D.1. (Lipschitz Continuous) A function f : R4 s R¥%*4s s [-Lipschitz continuous (L > 0) on S, if
[fx) = fl < Lix-yl, vxyeS (15)
where || - || denotes norm of a vector or matrix we defined depending on whether ds equal to 1.

Then we have:

Proposition D.1. Ifa function f : R¢ — R is a L-smooth function on S, then Vx,y € S, we have

L
Fy) = F60) (VI y = %) + 5 lly = x| (16)
Then we define the strongly convex.

Definition D.2. (u-Strongly Convex) A function g : R% — R is u-strongly convex (u > 0) on S, if Vx,y € S and X € [0, 1]
() + (1= NF(y) 2 FOx+ (1= A)y) + AL = Nlly x| a7

If f is differentiable, inequality is equivalent to f(x) — f(y) > (Vf(y),x —y) + 4llx —y[|>. If f € C?[S] and
p-strongly convex, we can get uI < V2 f(x).
Then, we define the unbiased stochastic gradient oracle and variance-bounded stochastic gradient oracle.

Definition D.3. (Unbiased Stochastic Gradient Oracle) A stochastic gradient oracle of a function f is unbiased, if
Ec[VG(x,0)] = V£(x) (18)
Definition D.4. (Variance-Bounded Stochastic Gradient Oracle) A stochastic gradient oracle is variance-bounded, if 3o > 0
Ee [[VG(x,0) = VF)P] < 0® vx €S (19)
Based on the aforementioned definitions, we make the following assumptions.

Assumption D.2. (Deterministic)

(@) Vo Lrusion(©) is LErsion [ ipschitz continuous w.r.t © € R,

(b) Hcgusmn > 0, HVGLFusion(@)” S C«gusmn'

(c) LFusion(G)a LAlign(e) € C? [Rd], ie., LTotal(aa @) c 02[[0, 1] X Rd]
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(d) Yo € [0,1], (1 — &) Lrusion(©) + oL atign (O) is strongly convex w.r.t © € R e, Lota (@, ©) is pirotal-strongly convex
wrt © € RY.

(e) Va € [0,1], Latign(©) — Lpusion(©) and (1 — &) Ve Lrusion (©) + aVe Lalign (©) are both smooth functions w.r.t © € RY,
ie., V2o Lrotal(©) and V2 Lrotal (a, ©) are LT84 and LT84 - Lipschitz continuous wrt © € Re.

(f) 3C;zr((:)tal >0, ”V@LAlign(G) _~v®LFusion(@)” < ng)tal' ie., HVZG)LTotal(@)H < C;F((:)tal'

(g) VO € RY, V2 Lrotal(av, ©) is LES - Lipschitz continuous w.rt o € [0,1].

Note that Assumption |D.2|(g) is equivalent to ||V Latign(©) — V& Lrusion (©)|| is bounded.

Assumption D.3. (Stochastic)
(a) Stochastic oracles VeoGrotal(®, ©,(M), VoG usion(©,€) and VaoGrotal(e, 0,(?) in Algo. 1 for estimate

Vo Lrotal(@0, ©), Vo Lusion (0, &) and V 4o Lrotal(©) are unbiased and variance bounded with (agoml)g, (o&usion)2 gpnd
(O_Total 2

a® :
(b) Random variables &,¢™M) ¢(2) ¢3) are independent.
(c) The stochastic hessian inverse approximation Hee(a, ©, () for [VZ Lrotal(ar, ©)] 7} is unbiased and the variance bounded
by o3,.
According to the assumptions, we first give a basic lemma to show that the existence and differentiability of an implicit
function of ©*(a) w.rt o € [0, 1].

Lemma D.4. If Assumption[D.2](c) and (d) hold.
i) Forany o € [0, 1], ©*(«v) is unique and continuously differentiable and we have

VO*(a) = —M(a, 0*(a))” (20)
ii) V Lyysion(av, ©* () can be viewed as a function of « € [0, 1], is given by
vLFusion(O‘y ®*<a)) = —M(Oé, o~ (a))v@LFusion(G)) (21)

where M(a, ©) £ V2 g Lrotal(0) [VE Lrotai (v, ©)] -

Proof. The above results have been well-known from properties of implicit functions. For the sake of completeness, we
provide a brief proof.

For i), the uniqueness of ©*(«) can be guaranteed under the Assumption (d). ©*(«) is continuously differentiable
because the implicit function theorem (see Theorem 11.5 in [9]). Due to the definition, we have Vg Lrotal (0, ©* () = 0.
Then, by taking derivative on both sides, using the chain rule, and the implicit function theorem, we obtain

V2 6 Lrotal (0% () + V& Lrotal (o, 0% (2))VO* () =0, Va € [0,1]. (22)

Just take the inverse we finish the proof of part i).
Under the Assumption (c) and the continuously differentiability of ©*(«), Lpusion is obviously continuously
differentiable w.r.t . Then by the chain rule, part ii) follows immediately. O

Lemma D.5. The following statements provide powerful tools to estimate the error induced by the inner loop of Algorithm
i) If Assumption (a)-(f) hold, then ¥(a, ©) € [0,1] x R%, we have

||VLFusion(a7 9) - VLFusion(O‘v @*(Oé))H S D1||@ - @*(OZ)” (23)

Total p»Fusi Total Total ~Total .
where _D1 S cho(—)td L& (ﬁag—)td E(—)g)taz Cu(f)ta ) C(lj‘)usmn

Total HTotal HTotal
Total
ii) If Assumption (c), (d) and (f) hold, then ©* () is Sa@ -Lipschitz continuous w.r.t o, i.e.,

Total

CT%tal
16(a1) = O(az)[| £ —2=—llon =z, Vau,az €[0,1] (24)
HTotal
iii) If Assumption|D.2)holds, then Vo, oz € [0, 1], we have
IV Liusion (1, ©% (1)) — V Liusion (a2, 0% (a2)) || < Liysionllor — az| (25
Total Total pTotal .
where L gion = b ;(Tjii C“i QTij@ CEusion,

Proof. For part i), we define
Fl £ ./\/l(a, @)VGLFuSion(G) - M(OZ, @*(a))VGLFusion(@* (a))7
FQ = M(O[, @) {v(—)LFusion(@> - VGLF‘usion(@* (Oé))} 9

>l

F3 v@LFusion (@*(Oé)) {M (Oé, @) - M(av @*(Oé))} ’
I‘l4 = [V%LTotal(ay @)] - {vi@LTotal(@) - VZ@LTotal(@*(a))} )
5 £ V26 Lrotal (0% () {[V%LTotal(a, @)]71 — [V&Lrotar(c, 9*(@)]71} .



Then we have following decomposition by Lemma

vLFusion(O[a 9*(a)) - vLFusion(Ola 9) = Fl = FQ + FS
=I5+ (F4 + F5)V@Lpusion(®*(a)) (26)

By the Assumption|D.2} we have

T2 = HVQ @LTotal(aae)HHVQ@LTotal(O‘v9)]_1H||v@LF‘usion(@) — V Lrusion (0% (a)) |,
CTotalﬁFusion
< =20 =0 ||© - 0% (a),
HTotal
ETotal

T4l < ==—[|© — 0" (a)||
HTotal
(Total IV Lrotar (v, ©(e)) — V§ Logar (@, 0% ()|

I's|| < C, ’
Il < Co8™ 192 T ruraa(@, ©(@) VA Lrotar(, 6+ (@)
TOtdlCTOtdl
< 1© — 0" (a)]],
/'LTotal

where the last inequality holds because given two positive definite symmetric matrices A, B € R"*", we have

A Ly IA-B]
AT =B = AT (A-B)B™| < o (27)
[A[[[B]
Moreover,
HvGLFusion(@*(a))H < C(guSion-
Then,
IV Lrusion (v, ©) = V Lusion (@, 0" ()| < |2l + (IT4ll + [IT5 ) Ve Liusion (O ()| (28)
We plug the upper bounds of [Tz, [|[T4||, [|T's]| and ||Ve Lrusion (©* (a)) into (28), then we finish the proof of part i).
For part ii), by the assumptions, we have:
CTotal
IV&(e)ll = [M(a, )] < —7=— Vo € [0, 1]. (29)

Note that [0, 1] is a closed interval, then part ii) follows immediately.
For part iii), we introduce the similar notations like I'1-I's to handle ||V Lyysion(c1, ©* () — V Lpusion (@, ©*())]|,
where a1, a € [0, 1]
) = Ve Lpusion (0" (a2)) {M(a1, 0% (a2)) — M(az, 0% (a2))}
Q2 = [VE Lrotal(e1, 0% (a2))] - {V2 6 Lrotal (0 (a2)) — V26 Lrotal (0% (a2)) } = 0,
. . -1 . -1
Q5 = V2 Lrota (02, 0% (02)) { [VA Lrorai(2,07(02))] ' = [VE Lrorai (01,07 ()] '}

We have the decomposition:

|V Lyusion (@2, ©%(a2)) — V Liusion (@1, 0% (a2)) || = |||
= [[(Q2 + 23) Ve Lrusion (0" (a2))||
= HQ3V@LFusion(@*(O‘2))”
<[]/ Ve Lusion (0" (a2)), (30)

where the upper bounds for ||Qs]| and ||V Lrusion (©*(a2))]|| can be estimate as following:

Total pTotal
||Q3H < L

5 a1 — asf|
Total

”v@LFusion(@* (a2)) || < Cgusion
Plug these bounds into (30), we get:

|V Lrusion (2, © (a0)2) — V Liusion (01, ©% (a2))|| < Daljoy — a2, (31)



CTcital[:Total

29— Now, we can prove the part iii)
HTotal

where Dy £

||VLFusion(a1> 6*(041)) - VLFusion(OQ, o (062))” < ||VLFuSlon(a1, *(al)) — VLFusion(a17 @*(az))H
+ HVLFusmn(ah @*(QZ)) vLFusion(CQa 9*(042)) ”
<D1||@ (a1) = ©%(az)[| + Daflar — asf

Total
< | ——"—+ Dz | |1 — aq

:uTotal
= ‘CFuswn”O[1 a2||7 (32)
Total
where the third inequality hold because we use the result from the part ii) that ©*(a) is a %-Lipschitz continuous
function w.r.t a. O

Lemma D.6. (Last-iterate convergence for SGD) Given a p-strongly convex and L-smooth function f : R® — R and assume that
{2k k>0, 21 € RY is the sequence generated by the stochastic gradient descent method (SGD) to approximate the minimizer z* of f

under RY. If stochastic gradient oracle is unbiased and variance bounded by o. Let we choose the step-size 1, = min { ﬁ, %},
then we have the following convergence result:

* 4 02 *
Bll - 21 <y max{ Gl - 2P} Ve AL (33)

Proof. Recall the SGD update rule and our assumptions:

Zhe1 = 2k — Megks Elgklze) = VF(z),  Elllgr — Vi (z)]1?]26]) < 02, (34)

where gy, is the stochastic gradient at zj. By the strongly convexity and smoothness of f, we can get:

Elllzer1 — 2117 2] = Elll2r — nrgr — 2*[1%] 2]
= llze = 211 = 206(V f (&), 2 — 2*) + 1REll| g8 ]| | 2]
< k= 21 2 (£() — £ + 2 — 27 17) + 2B g 1]
()
< o = 12 = 20 (£ — 1)+ 2l — 2 1) + LU (1) — F() +0%)
= (1= pume) Iz = 2I1* = 200 (1 — L) (f (21) = f(2%)) + 0
< (U= pmi)llz = 27|1* + mio?, (35)
where the inequality () holds because we we use E[|gx||?|zx] = E[llgr — Vf(ze)|*|2k] + E[|IVf(z6)lI?] + E[{gx —
]

V(z), V) 2] = Elllgs — V£ (z1)l1P2k] + E[IVF(26) 7] < 0 + E[|Vf(2)]”] and a well-known property of the
smooth function

VI < 2L(f(x) = f(x")). (36)

Then we take the expectation on the both sides, we get
_p P 2 2
Elllze+1 =27 °] < (1 — s )E |2 — 27 7] + mgo (37)

Let @ = max {4,%2, 4|z — 2* ||2} We use induction to prove our statement. It is trivial to check that for £ = 0. Suppose
that it is true for some k£ > 0.

Ellzks1 — 2°[1”) < (1 = pme)E[llz6 — 2] + 120

<k—1 Q 402
_k+1k+1+ 2(k + 1)2
k — 1
S<k+>Q+< ¢

Q 4 02 * (|2



i) Ifge == 27 > 4
Eflzr+1 — 2°I1”) < (1 — pme)E[llzi — 2] + 10
p, Q@ | o°
<l-2)——+—
= L)kJr 1 L2
4o
<(1- ) 2
k+1 k+1 7 k+1)
Q G *|12
< - 39
i et S A PR )
By the induction, we have finished the proof. O

Lemma D.7. (descent lemma) If Assumption |D.2|hold and we set n{"* < ﬁ?.mn in Algo. 1, where Ly, ion 15 defined by the part
iii) in Lemma [D.5] Then for any o € [0, 1], we have

1
LFusion(e* (ak+1)) - LFusion(G*(ak)) S vLFusion(Olka @*(ak)) : (Oé - ak) + WOO‘ - ak|2 - |Ol - ak+1|2)
k
+ A+ 6k - (ak — ) + 02 |6k, (40)
where Ak £ VLFuSiOn(akH 6*(ak)) - VLFusion(O‘ka ék) and 5k £ vLFusion(O‘k; ék) - 6LFmsion(Oékv @lm :Qk)

Proof. Note that Py (z) in Algo. 1is a o, " - strongly convex function. By the definition of strongly convexity (see Definition
ID.2), Yo € [0, 1] we have

de (x)

T o — gy [P (41)

Pr(a) — Prlag+1) > (k1) - (@ = agy1) +

2,'7011

Note that a1 is a minimizer of Py (z) on [0, 1]. So by the optimality condition, %‘,ﬁm)(akﬂ) - (e — ag41) > 0, which

means we can ignore it in (#I). Then by the definition of Py (z) in Algo. 1, we can get

~ . 1
vLFusion(Ofka ®k7 Qk) : (ak-‘rl - a) S W (|Oé - ak|2 - |Ot - ak+1|2)

1

ot ki1 — al? 42)

The part iii) in Lemma have shown that Lpysion(0*(t)) is a L 0n-Smooth function w.r.t to a, so we can use the
Proposition [D.]]

* * * ’C*usion
Lusion (0™ (tk41)) — Liusion (0" (k) < V Liusion (o, ©% (ar)) - (g1 — o) + FT\CUCH — ag)?

= V Lrusion (0, ©*(ag)) - (ag41 — @) + V Lpysion (ak, O (ag) - (o — ay,)

L
+ Fu251on |ak+1 o Olk|2

= vL]f“usion(O(k:a @*(Oék) e — ak) + 6L]F‘usion(O‘kz @k:a Qk) . (akJrl - Oé)

*

+ A (g1 — @) + %Iakﬂ — ag?

@)

. 1
< V Lrusion (o, ©% (o)) - (@ — o) + 2ot (Ja = O‘k|2 —|a— O‘k+1‘2)
k

L sion 1 A
4+ | FRwsion ) |y — ok l? + A - (apr — @), (43)
2 20y

where Ak £ V Lyusion (ak, % (o)) — 6Lpusion(ak, ék, or) and we notice that
Ak . (ak+1 — Oz) = Ak . (ak+1 — Ot) =+ 5k . (OL]H_1 — Ozk) + 5k . (Ozk — Oz)

1
——|app1 — o, (44)

<A+ 0 - (ag — ) + " 0w |* + o

where the inequality hold because we use ay, o € [0, 1], Cauchy-Schwarz inequality and Young’s inequality. Plug this upper
bound into (&3) an note that we assume that 7™ < 5~'—, then we finish the proof. O

Fu:.lon

Theorem D.8 (Formal). Let Assumption|D.2]and Assumption [D.3] hold We first fix the number of outer iterations in Algo. 1 as T

and set ni® = min { }, ty =T — 1 and Y™ = T where L on VT is defined by the part iii) in Lemma

2 1
PTotal (E+1) 7 LToF1 —

Fusion
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Let L sion 1S the optimal solution corresponding with the o* € [0, 1] and ap £ @ - If Lpysion is convex w.r.t o € [0, 1],

we hzwe following convergence result for Algo. 1.

o ) 1., \ A
E[Lrusion (0™ (a1))] — Liusion < ﬁ [LFusion‘OKO —a*|* + 20D, + m )

where Cv, Dy and Ay are all constants that only dependent on the problem parameters

HTotal ag(0,1

O,Total
C1 = max = ,arg ma‘X H@() - *(O[)” s

D; =

Total pFusion Total Total Total
Ca@ ‘C@ + (‘Ca@ ‘C C ) CFusmn
b

HTotal HTotal /J'Tot al

. . 1 2 CTotal 2 OFusion 2
)\2 — 16((C«gus1on)2 T (o_gusmn))((o_zoetal)Q + (C;I‘g)tal)Q)( y + 0_12_1) + ( a® )2 ( €] ) )
Hotal Hotal

Proof. If we let i, = o(ao, - . ., o), then we have following observations:

o(Ar),0(Br) € Fr Uo(¢)
o(ar) C Fr
U((Sk) C Fr U O'(Qk) = Fr+1
Using these o-algebras we define, we can analysis the following conditional expectations:
E[Hoo (o, O, ,i‘”)lfk Uo(C, ¢ )] E[Hoo (o, O, Ck )|04k7 O, Fr U U(C[tk])]
[ 00

(akv Gka Ck )|ak7 @k}
[V@LTotal(ak:a ®>]_1

E[0x|Fx U o(¢()] = Ve Lrotar(ak, Or) {E[H@@mk, Ok, )1 U o (G = [V Lot (o, ©)) 7 }
: V@LF‘uSion(ék) e 0

E[||V2 6 Grotar(k, Ok, )1 Fk U o(C()] =] V26 Grotar (o, O, ¢ )||2|ak7@k}
<2E[||V2 6 Grotal (@, Ok, ) — V26 Lrogal (@, Ok)[|? vk, O]

+ 2| V26 Lrotal (o, O) ||
<2( Total) +2(Cg%tal)

~ 2
E[|[Hoe(ax, 0,121 F ua(¢)] < 2+

[tk]
Total
Therefore, we can get:

E[|6¢ %] = EE[6x [ Fx U o (G))]] < 16((CE™") + 08" (038™)” + (C28™)?) (—

+0%)
iuTotal

2 (ngtal ) 2 (C(l:;usion ) 2

+ 2
HTotal

= \?

we can get:

Note that Lrotai(c, ©) is a uTotal—stronili/ convex and Eg‘ml—smooth function with respect to ©. If we let 77%“

min {m, @ . By the Lemma
B[O (o) — " ()] = E[En [1On (e, G1)) — O7 (an) vk, Fil

= E[E e (18, ¢ii)) = ©" (o) o]

[
Jgotal N
max ¢ ———, [[© — O ()|
HTotal

2
) Total N
max {U@,arg max_||©¢ — @*(a)}
€[0,1]

——F
tr +1
HTotal a

(45)

(46)

(47)

(48)

(49)

(50)

Q)

(52)

(53)



10

Note that we have shown that ©*(«) is Lipschitz continuous function with respect to o so arg max,¢[o,1] 160 — O (a)| <
+00. Then, we can estimate the upper bound of E[|A|]:

|Ak| = E[|V Lgusion(ak, ©* (o)) — V Lpusion (@, Ok )|] < D1E[||0* (o) — O]
< Dy Ay, (54)

where the first hold because the part i) of Lemma Now, we substitute a* into and then take expectation on the
both sides of and plug and into it.

E[LFusion(@*(ak—&-l))] - E[LFusion(G*(ak))] S E[VLFusion(aka @*(ak)) ‘ (Of - ak)]

Ella” — axl* — o — ap41]?)]

2ngut
+ Dy Ay 4 N2t (55)

If Lpysion(©*(v))is convex w.r.t o, then E[V Lpysion (k, O*(ak)) - (o — )] < Liusion — E[LFusion (0% (a))]. Therefore, we
have:

* * 1 * *
E[Lpusion (0" (k)] — Liusion < o Efla” —ap_1|* = o — ay[*)]
k—1

+ D1 A1+ /\2772.11t1 (56)
Then take summation from ¢ = 1,...,7T on the both sides, we can get:

T T JT
ZE[LFUSiOH(e*(ak))] - TLigusion < 2£;usion\/f|a0 - 0[*‘2 + Dy Z Ap—1+ )\22,6*7 (57)
t=1 t=1 Fusion

Note that Y A1 = 200WT and Y1 ElLrusion(©*(@r))] = o1 E[Lrusion(©* (2 X1_ o)) <
+ Zle E[Lrusion (0™ (av))]. Then we multiply T' on the both sides, we finish the proof. O
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